A generalized Courant algebroid structure is defined on the direct sum bundle DE ⊕ JE, where DE and JE are the gauge Lie algebroid and the jet bundle of a vector bundle E respectively. Such a structure is called an omni-Lie algebroid since it is reduced to the omni-Lie algebra introduced by A.Weinstein if the base manifold is a point. We prove that any Lie algebroid structure on E is characterized by a Dirac structure as the graph of a bundle map from JE to DE.
Introduction
The notion of omni-Lie algebras was introduced by Weinstein [21] by defining some kind of algebraic structures on gl(V ) ⊕ V for a vector space V . Such an algebra is not a Lie algebra but all possible Lie algebra structures on V can be characterized by its Dirac structures. This is why the term omni is used here. The omni-Lie algebra can be regarded as the linearization of the Courant algebroid structure on T M ⊕ T * M at a point and are studied from several aspects recently ( [2] , [8] , [19] ).
Our purpose is to generalize the omni-Lie algebra from a vector space to a vector bundle E in order to characterize all possible Lie algebroid structures on E. It will be seen that the omni-Lie algebroid is of the form E = DE ⊕ JE, where DE and JE denote the gauge algebroid and the jet bundle of E respectively.
An important fact to be discussed in Section 2 is that DE and JE can regarded as E-dual bundles for each other, i.e., there is a non-degenerate E-valued pairing between these two vector bundles. As a maximal isotropic and integrable subbundle of E, a Dirac structure in the omni-Lie algebroid turns out to be a Lie algebroid with a representation on E. We prove that there is a one-to-one correspondence between a Dirac structure coming from a bundle map JE → DE and a Lie algebroid (local Lie algebra) structure on E when rank(E) ≥ 2 (E is a line bundle).
Let's fix some notations firstly. In this paper, M denotes a smooth manifold, 1 C the identity map for any set C and E q → M a vector bundle. Before going to construct an omni-Lie algebroid, let us review some related notions. Assume that the readers are familiar 0 Keywords: gauge Lie algebroid, jet bundle, omni-Lie algebroid, Dirac structure, local Lie algebra. 0 MSC: 17B66. with Lie algebroids, which unify the structures of a Lie algebra and the tangent bundle of a manifold( please see [14] for more details). The notion of Leibniz algebras was introduced by Loday [13] as follows: • Courant algebroids and Dirac structures. The Courant bracket on the sections of T = T M ⊕ T * M was introduced by Courant [3] :
For the inner product defined by (
, a Dirac structure is a maximal isotropic subbundle L ⊂ T whose sections are closed under the Courant bracket. The Dirac structures include not only Poisson and presymplectic structures, but also foliations on M . A Dirac structure is also a Lie algebroid on M , whose bracket and anchor are the restrictions of the Courant bracket and the projection on T M . The properties of Courant's bracket are the basis for the definition of a Courant algebroid ( [12] , [18] ). Recently, several applications of the Courant algebroid and the Dirac structure have been found in different fields, e.g., gerbes and generalized complex geometry (see [2] , [6] for more details). By introducing a non skew-symmetric bracket,
the pair (Γ(T ), {·, ·}) turns out to be a Leibniz algebra with the following nice properties. for all e i ∈ Γ(T ), f ∈ C ∞ (M ), where ρ: T → T M is the projection. Thus a Courant algebroid is a Leibniz algebroid ( [7] ) and the twisted bracket (1) is known as the Dorfman bracket( [5] ). This bracket is mentioned in [12] and the Leibniz rule is shown in [16] .
• Omni-Lie algebras. Motivated by an integrability problem of the Courant bracket, A. Weinstein gives a linearization of the Courant bracket at a point [21] . Let V be a vector space. Weinstein's bracket is defined on the direct sum E = gl(V ) ⊕ V :
This bracket does not satisfy the Jacobi identity. He called E = gl(V ) ⊕ V with the bracket above an omni-Lie algebra because of the following property:
There is a one-to-one correspondence between a Lie algebra structure on V and a Dirac structure in E coming from a linear map in Hom(V, gl(V )).
Here a Dirac structure is a subspace of E closed under the bracket ·, · and maximal isotropic with respect to the V -valued nondegenerate symmetric bilinear form:
That is, every Lie algebra structure on V can be characterized by a Dirac structure, which is similar to a Poisson structure on a manifold.
• Local Lie algebras and Jacobi manifolds. A Lie algebroid is a special case of local Lie algebras in the sense of Kirillov [9] . Recall that a local Lie algebra is a vector bundle E whose section space Γ(E) has a R-Lie algebra structure [·, ·] E with the local property, supp[u, v] ⊂ suppu ∩ suppv, for all u, v ∈ Γ(E), which is also called a Jacobi-line-bundle if rankE = 1. In particular, M is called a Jacobi manifold if the trivial bundle M × R is a local Lie algebra, which is equivalent to that there is a triple (M, Λ, X), where Λ is a bi-vector field and X is a vector field on M such that
In [20] , the Courant bracket was extended to the direct sum of the vector bundle T M × R with its dual bundle, the jet bundle
From this way, it allows one to interpret many structures encountered in differential geometry in terms of Dirac structures such as homogeneous Poisson manifolds, Jacobi structures and Nambu manifolds.
• The jet bundle of a vector bundle. For a vector bundle E q → M , one can define its 1-jet vector bundle J 1 E by taking an equivalence relation in Γ(E):
There are several equivalent descriptions for jet bundles (see [1] and the references thereof). It is shown in [4] that for any Lie algebroid E, each k-order jet bundle J k (E) inherits a natural Lie algebroid structure. Let Ô be the projection which sends [u] m to u(m). It is known that KerÔ ∼ = Hom(T M, E) and there is an exact sequence, referred as the jet sequence of E:
Moreover, Γ(
• The gauge algebroid of a vector bundle. For a vector bundle E q → M , its gauge Lie algebroid DE is just the gauge Lie algebroid of the frame bundle F (E), which is also called the covariant differential operator bundle of E (see [14, Example 3.3.4] and [15] ). Here we treat each element d of DE at m ∈ M as a R-linear operator Γ(E) → E m together with some x ∈ T m M (which is uniquely determined by d and called the anchor of d) such that
It is known that DE is a transitive Lie algebroid over M ( [10] ). The anchor of DE is given by α(d) = x and the Lie bracket [·, ·] D of Γ(DE) is given by the usual commutator of two operators. The corresponding exact sequence,
is usually called the Artiyah sequence. The embedding maps and in above two exact sequences will be ignored somewhere if there is no confusion.
2 The E-Duality Between DE and J 1 E Definition 2.1. Let A and E be two vector bundles over
It is easy to see that B is an E-dual bundle of A if and only if A is an E-dual bundle of B. In this section we show that the first jet bundle J 1 E of a vector bundle E q −→ M is an E-dual of DE with some nice properties. Let us now illustrate a procedure that will yield a new exact sequence from the Artiyah sequence (4). First we consider the dual sequence
Applying the functor "− ⊗ E", the right end becomes E ⊗ E * ⊗ E ∼ = E ⊗ gl(E). Then using the decomposition gl(E) ∼ = sl(E) ⊕ R1 E , we are able to get a pull-back diagram:
Here the right down arrow I is the canonical embedding of E into E ⊗ sl(E) ⊕ E and JE is the pull-back of ( * ⊗ 1 E , I). In other words, for each m ∈ M ,
Moreover, the maps ǫ and β in Diagram (5) are given respectively by:
It is easy to see that JE is E-dual to DE and it is called the standard E-dual bundle of DE. Analogously, one can define the standard E-dual bundle of JE, denoted by DE, which is given in the following pull-back diagram.
In other words,
There is a canonical isomorphism as follows:
Under this isomorphism, the Artiyah sequence (4) is isomorphic to the first row in Diagram (6) . Moreover, there is a canonical isomorphism between the jet bundle of E and the standard E-dual bundle of DE.
Theorem 2.2. J 1 E is canonically isomorphic to JE.
Proof. We should define a bijective linear map · :
To see that the RHS of (9) is well defined, we need the following two lemmas.
Lemma 2.3. As Lie algebroids over M , DE and DE
This fact comes from the isomorphism between the principal frame bundles F (E) and F (E * ) by sending a frame to its dual frame. For this reason, we can identify DE * with DE such that both dφ and du make sense, where d depends on what is put after it. Notice that, by this convention, if one treats Φ ∈ gl(E) as in gl(E * ), it should be −Φ * .
Lemma 2.4. Let u ∈ Γ(E) and suppose that u(m) = 0. Then for any d ∈ (DE) m , one has
Here by
we denote the vertical tangent vector and by 0 * we mean the canonical inclusion of T M into T E.
Proof. The RHS of (11) is clearly a vertical tangent vector of T m E. Thus we need only to show that the results of the two hand sides acting on an arbitrary fiber-wise linear function, say l φ , for some φ ∈ Γ(E * ), are equal. We see that
This completes the proof. Now we continue to prove Theorem 2.2. Suppose that µ ∈ (J 1 E) m has two representatives
To guarantee µ is well-defined, we need to show that d(
, which satisfies: v(m) = 0 and v * m = 0 * m . Then the lemma above claims that (dv) ↑ = 0, so that µ is well-defined. Moreover, by Definition (9), we have
and hence µ is indeed an element of (JE) m . Clearly · is a morphism of vector bundles. The next step is to prove that (8) is a commutative diagram. But we first need the meaning of the embedding map : Hom(T M, E) ֒→ JE. Take a local trivialization
where y( − → 0p) denotes the tangent vector from point 0 to point p. Then u is a representative of (y). Following Lemma 2.4, we get
This means that the left square is commutative. The right square is commutative from the fact that
Thus the proof of the theorem is finished.
By means of this theorem we identify J 1 E with JE from now on. Therefore any element µ of (J 1 E) m = (JE) m can be considered as a linear map from (DE) m to E m satisfying
Consequently, the jet sequence (2) has a new interpretation such that the projection Ô and the embedding of Hom(T M, E) into JE are given by
By the canonical isomorphism (7), we can regard DE as a subbundle of Hom(JE, E) and as the standard E-dual bundle of JE. Therefore, there is an E-pairing between JE and DE by setting:
where u ∈ Γ(E) satisfies µ = [u] m . Particularly, one has
Similarly, DE * and JE * are E * -dual for each other. Meanwhile, there is also a T * M -pairing between JE and JE * given by
Combining with the isomorphism given in Lemma 2.3, we can describe the relations among these four vector bundles by the following diagram:
The relations above are similar to the following dual relations, where T E and T E * are usual dual as two vector bundles over T M .
The following diagram is a typical double vector bundle, by which and the duality theory of double vector bundles (see [14] ) one can explain clearly the relationship between Diagrams (16) and (17) .
Omni-Lie Algebroids and Dirac Structures
Since the gauge Lie algebroid DE has a natural representation on E, there is the Lie algebroid cohomology coming from the complex (Γ(Hom(∧ • DE, E)), ). In fact, one can check that
Furthermore, we claim that Γ(JE) is an invariant subspace of the Lie derivative L d for any d ∈ Γ(DE), which can be defined by the Leibnitz rule as follows:
Actually, it is easy to check that
This implies that L d µ ∈ Γ(JE) by (14) .
Now let E = DE ⊕ JE, which has a nondegenerate symmetric 2-form from the E-duality:
We define the Dorfman bracket on Γ(E), similar to that one mentioned in Section 1,
and call the quadruple (E, {·, ·} , (·, ·) E , ρ) an omni-Lie algebroid, where ρ is the projection of E onto DE. Comparing with the Courant algebroid, we can prove that an omni-Lie algebroid has the similar properties as follows:
. With the notation above, an omni-Lie algebroid satisfies the following properties, where α is the projection from DE to T M in (4). For all
, the structure above is studied by Wade in [20] . The simplest case is that E = V , a vector space. Then E ∼ = gl(V ) ⊕ V and the structure is isomorphic to Weinstein's omni-Lie algebra. A similar algebraic structure was defined in [17] and named as a generalized Lie bialgebra. 
This fact is easy to be checked by the theorem above. Next we are going to study some special Dirac structures and generalize Theorem 1.2 of Weinstein from a vector space to a vector bundle. As we shall see, this includes two special cases, namely the jet algebroid of a Lie algebroid and the 1-jet algebroid of a Jacobi manifold. First let us mention the following basic fact, for which the proof is merely some calculations and is ignored.
Lemma 3.4. Given a bundle map π : JE → DE, then its graph
is a Dirac structure if and only if 1) π is skew-symmetric, i.e., π(µ), ν E = − π(ν), µ E , ∀ µ, ν ∈ JE;
2) the following equation holds for all µ, ν ∈ Γ(JE).
where the bracket [·, ·] π on Γ(JE) is defined by:
Moreover, such a Dirac structure induces a Lie algebroid (JE, [·, ·] π , α • π).
Lemma 3.5. For the Lie algebroid JE induced from a Dirac structure L π given above, then the following statements are equivalent.
3) Hom(T M, E) is an ideal of JE.
4) The quotient Lie algebroid structure on E ∼ = JE/Im( ) is given by
Here the bundle maps , α, and Ô are given in exact sequences (2) and (4).
this implication is obvious. 2) ⇒ 3) For any y ∈ Γ(Hom(T M, E)) and µ ∈ Γ(JE), we have
This shows that the anchor of the Lie algebroid E should be α • π • , which must be a bundle map. Suppose that a Lie algebroid (E, [·, ·] E , ρ E ) is reduced from a bundle map π satisfying the conditions in Lemma 3.5, it is not difficult to see that the anchor ρ E : E → T M can be lift to a Lie algebroid morphism by settinĝ
Moreover, one has the following commutative diagram such that all the arrows are Lie algebroid morphisms.
Now we have two representations of JE on T * M ⊗ E ∼ = Hom(T M, E): (1) the adjoint representation since Hom(T M, E) is an ideal of JE by Lemma 3.5; (2) the tensor representation of π andρ E in the above diagram by identifying D(T M ) with D(T * M ). After some straightforward computations, we have Conversely, one can get the above diagram from a Lie algebroid E over M .
Here [u, · ] E denotes the corresponding derivation of E.
, one can define a map π : Γ(JE) → Γ(DE) such that (24) holds and for all f ∈ C ∞ (M ), u ∈ Γ(E), set
Then it is easy to check that π is C ∞ (M )-linear and hence it well defines a morphism of vector bundles JE → DE. By fact that any section of JE can be written as a linear combination of the elements with form f u as well as the property of anchor:
we can check that the π-bracket [·, ·] π on Γ(JE) defined by (21) satisfies the following properties:
where u i ∈ Γ(E), ω i ∈ Ω(M ). It is easy to see that these relations imply that Eqt. (20) is valid and hence L π is a Dirac structure. Moreover, one can check that α • π • = 0. Thus, by Lemma 3.5, the proof is completed.
Remark 3.8. Actually, it is already known to construct the jet Lie algebroid and a representation on E from a given Lie algebroid E (see [4] ). Our discoveries include that: (1) the Lie algebroid structure of JE is written clearly in form (21) by means of π and can be characterized by a Dirac structure; (2) we find another representationρ E related to π as showing in diagram (23) and Corollary 3.6.
The follows are two special cases for E = T M with the usual Lie algebroid structure and E = T * M with the Lie algebroid structure coming from a Poisson structure.
We define a twisted bundle map
, is the lift of N . Then the following three statements are equivalent.
1) The graph of π •N − ad N • π is a Dirac structure.
In particular, N is a Nijenhuis operator if and only if T N = 0.
Example 3.13. Let E = M × V be a trivial vector bundle, where dimV ≥ 2. In this case,
One can check that any skew-symmetric bundle map π : JE → DE is determined by a pair of bundle maps (θ, Ω), where θ : M × V → T M and
such that
Moreover, the graph of π is a Dirac structure if and only if,
The reduced Lie algebroid structure on E is given by the anchor θ and
In particular, Ω is constant if and only if E is an action Lie algebroid coming from the action of Lie algebra (V, Ω) on M by θ.
From now on we consider the line bundle case. The next example shows that Equation (26) is not always true for a skew-symmetric bundle map π : JE → DE if rank(E) = 1.
Example 3.14. Suppose that E is the trivial bundle M × R.
In fact, we can also construct a Dirac structure for a Jacobi-line-bundle as doing in Lemma 3.7. But it needs more calculations because there is no anchor in this case.
Proof. We still define π by Eqt.(24) and show that π is really a bundle map and takes values in Γ(DE). Since all calculations are local, without losing the generality, one can assume that E = M × R and identify Γ(E) with C ∞ (M ). By the result in [9] , there exists a pair (Λ, X), where Λ is a smooth bivector field and X is a smooth vector field such that π(df ⊗ u)(hv) = hπ(df ⊗ u)v + uΛ ♯ (df )(h)v, which mean that both π( u) and π(df ⊗ u) ∈ Γ(DE). Using these formulas, it is also easy to check that π is a bundle map. Next we prove that L π is a Dirac structure. By some simple calculations, we get [ u, v] π = [u, v] E , ∀ u, v ∈ Γ(E), which implies that
Since any local section of JE can be written as a linear combination of elements of the form f u, the above equality implies that Eqt. (20) is valid. For a line bundle, we have the following theorem analogous to Theorem 3.11. The difference is that the quotient structure on E can not be claimed directly since α • π • maybe not zero in this case. The last statement of the theorem is already implied by Lemma3.5.
Finally, notice that α • π • : Γ(E) → Γ(T M ) is generally not a bundle map for a Jacobi-line bundle. But it plays a similar role as the anchor of a Lie algebroid as follows:
